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Abstra
t. We prove that the two-variable fragment of �rst-order intuitionisti


logi
 is unde
idable, even without 
onstants and equality. We also show that the two-

variable fragment of a quanti�ed modal logi
 L with expanding �rst-order domains

is unde
idable whenever there is a Kripke frame for L with a point having in�nitely

many su

essors (su
h are, in parti
ular, the �rst-order extensions of pra
ti
ally all

standard modal logi
s like K, K4, GL, S4, S5, K4:1, S4:2, GL:3, et
.). For many

quanti�ed modal logi
s, in
luding those in the standard nomen
lature above, even

the monadi
 two-variable fragments turn out to be unde
idable.

x1. Introdu
tion. Ever sin
e the unde
idability of �rst-order 
lassi-


al logi
 be
ame known [5℄, there has been a 
ontinuing interest in estab-

lishing the `borderline' between its de
idable and unde
idable fragments;

see [2℄ for a detailed exposition. One approa
h to this 
lassi�
ation prob-

lem is to 
onsider fragments with �nitely many individual variables. The

borderline here goes between two and three: the two-variable fragment

of 
lassi
al �rst-order logi
 is de
idable [23℄, while with three variables it

be
omes unde
idable [26℄, even without 
onstants and equality. (De
id-

able and unde
idable extensions of the two-variable fragment with some

natural `built-in' predi
ates were 
onsidered in [10℄.)

As 
lassi
al �rst-order logi
 
an be redu
ed to intuitionisti
 �rst-order

logi
 by G�odel's double negation translation (see, e.g., [27℄), the three-

variable fragment of the latter is also unde
idable. On the other hand,

a

ording to results of Bull [3℄, Mints [22℄ and Ono [24℄, the one-variable

fragment (whi
h is equivalent to propositional intuitionisti
 modal logi


MIPC in the same way as the one-variable fragment of 
lassi
al logi


is equivalent to propositional modal logi
 S5) is de
idable. Gabbay and

Shehtman [9℄ proved unde
idability of the two-variable fragment of �rst-

order intuitionisti
 logi
 extended with the axiom

8x (P (x) _ q)! 8x P (x) _ q;

known as the 
onstant domain prin
iple. However, the question whether

the two-variable fragment of �rst-order intuitionisti
 logi
 itself is de
id-

able has remained open.

1
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Here we show that the two-variable fragment of �rst-order intuitionisti


logi
 is unde
idable, even without 
onstants and equality.

Our proof uses a simple redu
tion of an in�nite tiling problem. As

is well-known, su
h a tiling problem 
an be easily en
oded in the three-

variable fragment of 
lassi
al �rst-order logi
 (see, e.g., [8℄). Our redu
tion

is based on the observation that the third variable 
an be used in a very

restri
ted way, only as a kind of `sta
k' for substitutions. This view on

substitutions originates in the algebrai
 approa
h to �rst-order logi
s [12℄.

Intuitionisti
 �rst-order logi
 
an be embedded into quanti�ed modal

logi
 S4 with expanding �rst-order domains using the G�odel translation

whi
h pre�xes the ne
essity operator to every subformula of a �rst-order

intuitionisti
 formula. This shows that the two-variable fragment of quan-

ti�ed S4 with expanding domains is unde
idable as well. We generalise

this result and prove the unde
idability of the two-variable fragment of

any quanti�ed modal logi
 L with expanding domains whenever there is

a Kripke frame for L with a point having in�nitely many su

essors. This

answers an open question from [9℄, where the same result for �rst-order

modal logi
s with 
onstant domains was obtained. We then show how

Kripke's idea from [18℄ 
an be used to prove that a
tually the monadi


two-variable fragments of many quanti�ed modal logi
s with expanding

domains are unde
idable.

x2. Two-variable �rst-order intuitionisti
 logi
. The alphabet of

�rst-order intuitionisti
 logi
 QInt (without fun
tion symbols, 
onstants

and equality) 
onsists of predi
ate symbols P;Q; : : : of arbitrary �nite

arity, 
ountably many individual variables x; y; : : : , propositional 
onne
-

tives ^, _, ! and ? (`falsehood'), and quanti�ers 8 and 9. Formulas are

de�ned in the usual way.

First-order intuitionisti
 logi
 QInt 
an be given synta
ti
ally by re-

moving the double negation prin
iple (or other equivalent prin
iples) from

a (suitable) axiomati
 system for 
lassi
al logi
; see, e.g., [27℄. Here we

only need the de�nition of QInt via its Kripke semanti
s. A �rst-order

intuitionisti
 Kripke model

1

is a tuple

M = (F;�; Æ; I);

where

� F = (W;�) is an intuitionisti
 Kripke frame|i.e., � is a partial

order on W 6= ;,

� Æ is a fun
tion asso
iating with every w 2W a set Æ(w) � �, 
alled

the domain of w, in su
h a way that Æ(u) � Æ(v) whenever u � v,

for u; v 2W ,

1

For other equivalent de�nitions see, e.g., [19, 6, 28℄.
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� I is a fun
tion asso
iating with every w 2 W a 
lassi
al �rst-order

stru
ture

I(w) = (�; P

w

; Q

w

; : : : );

� the truth of predi
ates is preserved along the a

essibility relation

�, that is, for every predi
ate symbol P and all u; v 2 W , if u � v

then P

u

� P

v

.

An assignment in � is a fun
tion a from the set of individual variables

to �. The truth-relation (M; w) j=

a

' (or simply w j=

a

', if understood)

is de�ned as follows:

� w j=

a

P (x

1

; : : : ; x

n

) i� P

w

�

a(x

1

); : : : ; a(x

n

)

�

,

� w j=

a

 ^ � i� w j=

a

 and w j=

a

�,

� w j=

a

 _ � i� w j=

a

 or w j=

a

�,

� w j=

a

 ! � i� v j=

a

 implies v j=

a

� for all v � w,

� w 6j=

a

?,

� w j=

a

8x i� v j=

b

 for every v � w and every assignment b in �

su
h that b(x) 2 Æ(v) and a(y) = b(y) for all variables y 6= x,

� w j=

a

9x i� w j=

b

 for an assignment b in � su
h that b(x) 2 Æ(w)

and a(y) = b(y) for all variables y 6= x.

We say that a formula ' is true in M if (M; w) j=

a

' holds for every

world w 2 W and every assignment a in � su
h that a(x) 2 Æ(w) for all

individual variables x.

First-order intuitionisti
 logi
 QInt is the set of all formulas that are

true in all �rst-order intuitionisti
 Kripke models. We denote by QInt(2)

the two-variable fragment ofQInt, that is, the 
olle
tion of those formulas

from QInt that 
ontain only two (bound or free) individual variables.

Our main result is the following:

Theorem 1. QInt(2) is unde
idable.

Proof. The following N � N tiling problem is known to be unde
id-

able [1℄: given a �nite set T of tile types that are four-tuples of 
olours

t = (left(t); right(t); up(t); down(t));

de
ide whether T tiles the grid N � N in the sense that there exists a

fun
tion (
alled a tiling) � from N � N to T su
h that, for all i; j 2 N,

up(�(i; j)) = down(�(i; j + 1)) and right(�(i; j)) = left(�(i + 1; j)):

We redu
e this tiling problem to the 
omplement of QInt(2), that is,

to the set of two-variable formulas that are refutable in some �rst-order

intuitionisti
 Kripke models.
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To this end, given a �nite set T of tile types, de�ne a formula  

T

to be

the 
onjun
tion the following senten
es (1){(6):

8x

_

t2T

�

P

t

(x) ^

^

t

0

6=t

(P

t

0

(x)! ?)

�

; (1)

^

right(t)6=left(t

0

)

8x8y

�

su



H

(x; y) ^ P

t

(x) ^ P

t

0

(y)! ?

�

; (2)

^

up(t)6=down(t

0

)

8x8y

�

su



V

(x; y) ^ P

t

(x) ^ P

t

0

(y)! ?

�

; (3)

8x9y su



H

(x; y) ^ 8x9y su



V

(x; y); (4)

8x8y

�

su



V

(x; y) _ (su



V

(x; y)! ?)

�

; (5)

8x8y

�

su



V

(x; y) ^ 9x (D(x) ^ su



H

(y; x))!

8y

�

su



H

(x; y)! 8x (D(x)! su



V

(y; x))

��

: (6)

Now, let

'

T

=  

T

! 9x (D(x)! ?):

We 
laim that

'

T

=2 QInt(2) i� T tiles N � N :

Suppose �rst that '

T

=2 QInt(2), that is, there exist a �rst-order intu-

itionisti
 Kripke model M = ((W;�);�; Æ; I) and some w 2W su
h that

(M; w) j=  

T

and

(M; w) 6j= 9x (D(x)! ?): (7)

We prove that I(w) satis�es the following property:

8a; b; 
 2 Æ(w)

�

su



w

H

(a; b) ^ su



w

V

(a; 
)! 9d 2 Æ(w) (su



w

H

(
; d) ^ su



w

V

(b; d)

�

: (8)

Indeed, let a; b; 
 2 Æ(w) be su
h that su



w

H

(a; b) and su



w

V

(a; 
). By (4),

there is d 2 Æ(w) su
h that su



w

H

(
; d). We show that su



w

V

(b; d) holds as

well. To this end, observe that, by (7), there is u � w with D

u

(d). As the

truth of predi
ates is preserved along the a

essibility relation, we have

su



u

H

(a; b), su



u

V

(a; 
) and su



u

H

(
; d). So, by (6), we obtain su



u

V

(b; d).

Finally, su



w

V

(b; d) follows by (5).

Now, by (4) and (8), there exist a

i;j

2 Æ(w) (i; j 2 N) su
h that

su



w

H

(a

i;j

; a

i+1;j

) and su



w

V

(a

i;j

; a

i;j+1

) hold for all i; j 2 N. So, by

(1){(3), the fun
tion � de�ned by taking

�(i; j) = t i� P

w

t

(a

i;j

)

is a tiling of N � N.
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Conversely, suppose that there is a tiling � : N � N ! T . We de�ne a

�rst-order intuitionisti
 Kripke model M = ((W;�);�; Æ; I) refuting '

T

as follows:

� W = fw

0

g[ (N�N ) and � is the re
exive 
losure of fw

0

g� (N�N ),

� � = N � N,

� for every w 2 W , Æ(w) = �, I(w) = (�; su



w

H

; su



w

V

;D

w

; P

w

t

)

t2T

,

where

{ su



w

H

= f

�

(i; j); (i+ 1; j)

�

j (i; j) 2 �g,

{ su



w

V

= f

�

(i; j); (i; j + 1)

�

j (i; j) 2 �g,

{ D

w

0

= ; and D

w

= fwg whenever w 6= w

0

and

{ P

w

t

= f(i; j) 2 � j �(i; j) = tg for every t 2 T .

It is straightforward to 
he
k that (M; w

0

) 6j= '

T

. a

It may be worth noting that in fa
t we have proved a statement some-

what more general than Theorem 1. Call a �rst-order intuitionisti
 Kripke

model

�

(W;�);�; Æ; I

�

an in�nite fan if

� W = fw

0

g [ V is 
ountably in�nite and � is the re
exive 
losure of

fw

0

g � V ,

� � is 
ountably in�nite and Æ(w) = �, for all w 2W .

Now let � be a set of two-variable formulas su
h that QInt(2) � � and

all formulas in � are true in all in�nite fans. Then � is unde
idable.

x3. Two-variable �rst-order modal logi
s with expanding do-

mains. The alphabet of (
onstant and equality free) �rst-order modal

logi
s 
onsists of predi
ate symbols P;Q; : : : of arbitrary �nite arity,


ountably many individual variables x; y; : : : , (
lassi
al) propositional 
on-

ne
tives ^ and :, quanti�er 8, and the ne
essity operator 2 (with _, !,

9 and the possibility operator 3 de�ned as standard abbreviations, e.g.,

3 ::= :2:). First-order modal formulas are de�ned in the usual way, in

parti
ular, if ' is a formula then so is 2'.

A �rst-order Kripke model with expanding domains is a tuple

M = (F;�; Æ; I);

where

� F = (W;R) is a modal frame|i.e., R is a binary relation on W 6= ;,

� Æ(u) � Æ(v) � � whenever uRv, for u; v 2W ,

� I is a fun
tion asso
iating with every w 2 W a 
lassi
al �rst-order

stru
ture

I(w) = (�; P

w

; Q

w

; : : : ):

An assignment in � is a fun
tion a from the set of individual variables

to �. The truth-relation (M; w) j=

a

' (or simply w j=

a

') is de�ned as

follows:

� w j=

a

P (x

1

; : : : ; x

n

) i� P

w

�

a(x

1

); : : : ; a(x

n

)

�

,
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� w j=

a

 ^ � i� w j=

a

 and w j=

a

�,

� w j=

a

:' i� w 6j=

a

',

� w j=

a

2 i� v j=

a

 for every v 2W with wRv,

� w j=

a

8x i� w j=

b

 for all assignments b in � su
h that b(x) 2 Æ(w)

and a(y) = b(y) for all variables y 6= x.

We say that a formula ' is true in M if (M; w) j=

a

' holds for every

world w 2 W and every assignment a in � su
h that a(x) 2 Æ(w) for all

individual variables x.

Given a propositional modal logi
 L, denote by Q

e

L the set of all for-

mulas that are true in every �rst-order Kripke model M = (F;�; Æ; I)

with expanding domains su
h that F is a frame for L (i.e., validates all

formulas in L). Standard examples areQ

e

K with arbitrary frames, Q

e

K4

with transitive frames, Q

e

S4 with quasi-ordered frames, and Q

e

GL with

quasi-ordered Noetherian frames.

We say that a formula ' is Q

e

L-satis�able if :' =2 Q

e

L.

As is well-known (see, e.g., [25℄), intuitionisti
 �rst-order logi
 
an be

embedded into Q

e

S4 by using the G�odel translation T whi
h pre�xes

2 to every subformula of an intuitionisti
 formula. Namely, for every

intuitionisti
 formula ',

' 2 QInt i� T(') 2 Q

e

S4:

So, by Theorem 1, the two-variable fragment of Q

e

S4 is unde
idable as

well.

Our next result is a generalisation of both this statement and the results

from [9℄ on �rst-order modal logi
s with 
onstant domains.

Say that a Kripke frame (W;R) 
ontains a point with in�nitely many

su

essors if there exist a point w 2 W and an in�nite subset V � W

su
h that wRv holds for every v 2 V .

Theorem 2. Let L be any propositional modal logi
 having a Kripke

frame that 
ontains a point with in�nitely many su

essors. Then the

two-variable fragment of Q

e

L is unde
idable.

Proof. We redu
e the N�N tiling problem to the satis�ability problem

for the two-variable fragment of Q

e

L. Given a �nite set T of tile types,

de�ne �

T

to be the 
onjun
tion of the following senten
es:

8x

_

t2T

�

P

t

(x) ^

^

t

0

6=t

:P

t

0

(x)

�

;

8x8y

�

su



H

(x; y)!

^

right(t)6=left(t

0

)

:

�

P

t

(x) ^ P

t

0

(y)

�

�

;

8x8y

�

su



V

(x; y)!

^

up(t)6=down(t

0

)

:

�

P

t

(x) ^ P

t

0

(y)

�

�

;
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8x9y su



H

(x; y) ^ 8x9y su



V

(x; y);

8x8y

�

su



H

(x; y)! 2su



H

(x; y)

�

;

8x8y

�

su



V

(x; y)! 2su



V

(x; y)

�

;

8x8y

�

3su



V

(x; y)! su



V

(x; y)

�

;

8x3D(x);

28x8y

�

su



V

(x; y) ^ 9x (D(x) ^ su



H

(y; x))!

8y

�

su



H

(x; y)! 8x (D(x)! su



V

(y; x))

��

:

An argument analogous to the one proving Theorem 1 shows that

�

T

is Q

e

L-satis�able i� T tiles N � N :

Here we only show that �

T

is Q

e

L-satis�able whenever T tiles N�N , and

leave the other dire
tion to the reader.

Suppose � : N � N ! T is a tiling. Take any frame F = (W;R) for L

that 
ontains a point w

0

2 W su
h that the set V = fw 2 W j w

0

Rwg

is in�nite. Let f be a surje
tion from V onto N � N. De�ne a �rst-order

Kripke model M = (F;�; Æ; I) by taking

� � = N � N,

� for every w 2 W , Æ(w) = �, I(w) = (�; su



w

H

; su



w

V

;D

w

; P

w

t

)

t2T

,

where

{ su



w

H

= f

�

(i; j); (i + 1; j)

�

j (i; j) 2 �g,

{ su



w

V

= f

�

(i; j); (i; j + 1)

�

j (i; j) 2 �g,

{ if w 2 V then D

w

= ff(w)g, otherwise D

w

= ;, and

{ P

w

t

= f(i; j) 2 � j �(i; j) = tg, for every t 2 T .

It is straightforward to 
he
k that (M; w

0

) j= �

T

. a

It follows that almost all standard �rst-order modal logi
s (su
h as,

e.g., K, K4, GL, S4, S5, K4:1, S4:2, GL:3, Grz) with two variables

and expanding domains are unde
idable. Note that the proof above also

goes through for modal logi
s with 
onstant domains whi
h were shown

to be unde
idable in [9℄ with the help of a more involved redu
tion. (In

fa
t, satis�ability in models with expanding domains is always redu
ible

to satis�ability in models with 
onstant domains; see, e.g., [8℄.)

For many modal logi
s we 
an draw an even �ner borderline between

de
idable and unde
idable. Re
all that Kripke [18℄ showed in fa
t that

the monadi
 fragment of a �rst-order modal logi
 Q

e

L is unde
idable

whenever L � S5. He used a redu
tion of the unde
idable �rst-order


lassi
al theory of one dyadi
 predi
ate R by repla
ing every atom R(x; y)

with the modal monadi
 formula 3(P (x)^Q(y)). As was pointed out in

[17, pp. 271{272℄, the same proof a
tually works for the monadi
 fragment

of any �rst-order modal logi
 Q

e

L whenever L has a frame 
ontaining a

point with in�nitely many su

essors. In [15℄ Kripke's idea was used to
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prove that 
ertain monadi
 two-variable temporal logi
s with 
onstant

domains are not re
ursively enumerable.

Here we show that a similar tri
k 
an be used to prove unde
idability

of the monadi
 two-variable fragments of many modal logi
s, both with

expanding and 
onstant domains.

Theorem 3. Let L be any propositional modal logi
 with a Kripke

frame (W;R) satisfying the following 
ondition:

(�) there are w

0

2 W and two disjoint in�nite subsets V

1

; V

2

� W su
h

that w

0

Rv for all v 2 V

1

, and v

1

Rv

2

for all v

1

2 V

1

, v

2

2 V

2

.

Then the monadi
 two-variable fragment of Q

e

L is unde
idable.

Proof. First, take a fresh monadi
 predi
ate symbol Q and repla
e

ea
h subformula 2 of �

T

above with 2(8xQ(x) !  ), and ea
h sub-

formula 3 of �

T

with 3(8xQ(x) ^  ). Denote the resulting formula by

�

Q

T

. Next, take two fresh monadi
 predi
ate symbols Q

H

, Q

V

and repla
e

ea
h o

urren
e of su



H

(x

0

; y

0

) and su



V

(x

0

; y

0

) (for x

0

; y

0

2 fx; yg) in

�

Q

T

with 3(D(x

0

)^Q

H

(y

0

)) and 3(D(x

0

)^Q

V

(y

0

)), respe
tively. Denote

the resulting formula by �

T

. We 
laim that

�

T

is Q

e

L-satis�able i� T tiles N � N :

The argument proving the impli
ation ()) is again similar to the one used

in Theorem 1 (we simply regard 3(D(x)^Q

H

(y)) and 3(D(x)^Q

V

(y))

as binary predi
ates de�ning the N � N grid).

Now suppose that � : N�N ! T is a tiling. Take any frame F = (W;R)

for L satisfying (�), and let f

1

and f

2

be surje
tions from V

1

and V

2

onto

N�N , respe
tively. De�ne a �rst-order Kripke modelM = (F;�; Æ; I) by

taking

� � = N � N,

� for ea
h w 2W , Æ(w) = � and I(w) = (�;D

w

; Q

w

H

; Q

w

V

; Q

w

; P

w

t

)

t2T

,

where

{ if w 2 V

1

then Q

w

= �, otherwise Q

w

= ;,

{ if w 2 V

k

, for k = 1; 2, and f

k

(w) = (i; j), then D

w

= f(i; j)g,

Q

w

H

= f(i+ 1; j)g, Q

w

V

= f(i; j + 1)g,

{ if w =2 V

1

[ V

2

, then D

w

= Q

w

H

= Q

w

V

= ;,

{ P

w

t

= f(i; j) 2 � j �(i; j) = tg for every t 2 T .

It is not hard to see that for all w 2 fw

0

g [ V

1

, all (i; j); (i

0

; j

0

) 2 �, and

all assignments a with a(x) = (i; j), a(y) = (i

0

; j

0

),

(M; w) j=

a

3

�

D(x) ^Q

H

(y)

�

i� i

0

= i+ 1 and j

0

= j;

(M; w) j=

a

3

�

D(x) ^Q

V

(y)

�

i� i

0

= i and j

0

= j + 1:

It follows that (M; w

0

) j= �

T

, as required. a
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Standard propositional modal logi
s su
h asK, K4, GL, S4, S5, K4:1,

S4:2, GL:3, Grz all have frames satisfying 
ondition (�) of Theorem 3.

It follows that the monadi
 two-variable fragments of these logi
s with

expanding (and so with 
onstant) domains are unde
idable.

x4. Dis
ussion. The results obtained above 
an possibly be gener-

alised in di�erent ways.

It was shown in [21, 20℄ that the monadi
 fragment of �rst-order intu-

itionisti
 logi
 is unde
idable, even with a single monadi
 predi
ate sym-

bol [7℄. One might 
onje
ture that, similarly to the modal 
ase above,

the monadi
 fragment of QInt(2) is unde
idable. However, it seems

that neither the intuitionisti
 analogue of Kripke's tri
k (i.e., substituting

::(P (x) ^ Q(x)) for R(x; y)) nor the more re�ned te
hnique of [7℄ are

appli
able to our proof in a straightforward manner. To de�ne the min-

imal number of individual variables whi
h makes the monadi
 fragment

of QInt unde
idable still remains an open problem.

Those who are interested in `abstra
t' �rst-order superintuitionisti
 and

modal logi
s may �nd it interesting to 
onsider quanti�ed extensions of

tabular and pretabular logi
s: ea
h of the former is 
hara
terised by a

single �nite frame, while the latter are not tabular themselves, but all

their proper extensions are (for details see, e.g., [4℄). We 
onje
ture that

the two-variable fragment of the quanti�ed extension of a propositional

superintuitionisti
 or modal logi
 L is de
idable i� L is tabular. For some

more details and dis
ussion see [9℄.

It 
ould also be of interest to generalise the ideas above in order to prove

unde
idability of the so-
alled `restri
ted ' fragment of two-variable Q

e

L.

This fragment is equality- and (�rst-order) substitution-free, that is, all

atomi
 formulas are of the form P (x; y) (so that formulas with atoms

like su



H

(y; x) do not belong to this fragment); see [12, 8℄. To obtain

su
h a generalisation, one may try to express substitutions with the help

of `abstra
t' equality predi
ates, and then postulate some properties of

these predi
ates in the usual algebrai
 logi
 way; see [11, 12℄. It is worth

noting that the restri
ted fragment of a two-variable �rst-order extension

of a propositional modal logi
 L with expanding domains is equivalent to

the modal produ
t logi
 of the form (L� (S5�S5))

ex

; for de�nitions and

more details see [8, Se
tion 9.1℄.

Produ
ts of propositional modal logi
s 
an possibly be used to draw

a �ner borderline between de
idable and unde
idable fragments. With

the help of a very subtle redu
tion of the in�nite tiling problem, Hirs
h

and Hodkinson [13℄ proved that representability is not de
idable for �nite

relation algebras. This result is used in [14℄ to show that every modal

logi
 between K�K�K and S5�S5�S5 is unde
idable. A simpli�ed

version of the redu
tion from [13℄ is used in [16℄ to prove unde
idability of
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the one-variable fragment of �rst-order 
omputational tree logi
 CTL

�

.

We 
onje
ture that a similar redu
tion 
an prove the unde
idability of

all logi
s of the form (L

1

� (L

2

� L

3

))

ex

, where L

1

, L

2

and L

3

are any

Kripke 
omplete propositional modal logi
s between K and S5. (On

the other hand, the strongest de
idable fragments of standard �rst-order

modal logi
s known so far are the monodi
 fragments from [29℄ whi
h

allow appli
ations of modal operators to formulas with at most one free

variable only.)
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