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Comparing decision problems for various
paradigms of algebraic logic

AGNES KUuRuUCZ

ABSTRACT. We show that in many cases the decision problems for varieties of cylindric
algebras are much harder than those for the corresponding relation algebra reducts. We
also give examples of varieties of cylindric and relation algebras which are algorithmically
more complicated than the subvarieties of their representable algebras.

1. Introduction

The theories of various classes of Tarskian algebraic logic, such as relation alge-
bras (RA) and n-dimensional cylindric algebras (CA,,), were developed in a parallel
fashion, see e.g. Henkin et al. [6], Maddux [8], Monk [9]. There is a standard trans-
lation, due to Henkin and Tarski, connecting the two paradigms. As the equational
theories of both RA and CA,, (for n > 2) are recursively enumerable but not de-
cidable, and the same holds for the subclasses of representable algebras, one might
conjecture that this translation preserves the degree of unsolvability.

Our first result (Theorem 1) shows that this conjecture does not hold. For
instance, we prove that there exist many undecidable subvarieties of CAg3 such that
the corresponding relation algebra varieties are decidable.

Our next aim is to compare the recursion theoretic behaviour of varieties of re-
lation algebras (or cylindric algebras) and the corresponding subvarieties generated
by their representables. Again, the most common examples might suggest an anal-
ogous behaviour: the varieties of all relation algebras and of all representable rela-
tion algebras are both recursively enumerable but not decidable; the same holds for
all cylindric algebras and all representable cylindric algebras of dimension greater
than 2; while in dimension 2 both the representable and axiomatic varieties of
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cylindric algebras are decidable. Here we show that one can find highly unsolvable
abstract varieties such that their representables have less complicated equational
theories (Theorems 2 and 3).

The paper is organised as follows. The next section contains the definitions of the
various algebras, our results, and related open problems. Sections 3-5 are devoted
to the proofs of Theorems 1-3, respectively.

2. Background and results

We assume as known such basic concepts of universal algebra as varieties, homo-
morphisms, subalgebras, and direct products. Some basic knowledge about Boolean
algebras is also required. The reader may find the recursion theoretic notions not
defined here (such as degree of unsolvability) e.g. in [3]. However, in order to make
the paper more or less self-contained, below we give a short summary of the basic
definitions and properties concerning relation algebras and cylindric algebras. For
more details, consult Henkin et al. [6] and Maddux [8].

Notation. For a set U, |U| denotes the cardinality of U, and P(U) stands for the
set of all subsets of U. The usual Boolean operations on subsets of U are denoted
by U, N, and =Y. w denotes the set of natural numbers, and for every n € w
we assume that n = {k € w : k < n}. For n € w, "U is the set of all n-tuples
of elements in U. We use notation u = (ug, u1,...,un—1) for n-tuples. Algebras
are denoted by gothic letters with the corresponding roman letters denoting their
universes. Given algebras 2 and B, 2 C B denotes that 2 is isomorphic to a
subalgebra of 9B, that is, 2 is embeddable into B. Given some class K of algebras,
IK, HK, SK, and PK denote, respectively, the classes of all isomorphic copies,
homomorphic images, isomorphic copies of subalgebras, and isomorphic copies of
direct products of members of K. Eq(K) denotes the equational theory of K.

Relation algebras. A relation algebra is an algebra of the form
A= (A+,-,—-,1,0,;,7,1)
such that
(RO) (A,+, -,—,1,0) is a Boolean algebra (called the Boolean reduct of ),

1’ € A, ; and ~ are binary and unary operations on A, respectively, satisfying the
following properties, for all z,y, z € A:

(R1)  z35(y;2) = (z39);2
R2) (z+y);z=(2;2)+(y;2)
(R3) z;1'==x
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(R4) z7 ==z

R5) (z4y)=z+y

(R6) (z3y) =y 52"

R7) 27 —(25y) < —y
RA denotes the class of all relation algebras. An element x of a relation algebra 2A
is called an atom of 2, if x is an atom of the Boolean reduct of 2, that is, for all
y € A, if y < x then either y = 0 or y = x. A relation algebra is called complete
atomic if its Boolean reduct is complete atomic.

It is well-known that a relation algebra 2 is simple (i.e., it has no non-trivial
homomorphic images) iff the quantifier free formula

0#1 AN (z#0—-1;2;1=1)

is valid in 2. Thus for any variety V of relation algebras, the class Si(V) of simple
algebras in V is a universal class. Further, for every quantifier free formula ¢ in
the language of relation algebras, one can find in an effective way an equation e,
with the same free variables such that the formula ¢ < e, is valid in all simple
relation algebras. Thus for any universal class K of simple relation algebras, SPK
is a variety, and Si(SPK) = K holds. And, for any variety V of relation algebras,
we have SPSi(V) = V.
An example for a simple relation algebra is the full relation set algebra with base
U:
Rs(U) = (P(U),U,N, ="V, 20,0, |, 7" Tdy ),
where for all X,Y C 2U,
XY= {{u,v) €2U: (32 €U) (u,2) € X and (2,v) € Y},

X7t = {{u,v) € 2U : (v,u) € X},

Idy = {{u,u) €U :u e U}.
The variety RRA of representable relation algebras is

RRA =SP {Rs(U) : U is a set}.

Cylindric algebras. For every n € w, a cylindric algebra of dimension n is an
algebra of the form
A= (A, +,,—,1,0,¢i,dij)ij<n
such that
(CO) (A,+,-,—,1,0) is a Boolean algebra (called the Boolean reduct of ),

di;; € A for all i,j < n, and ¢; are unary operations on A for all ¢ < n satisfying
the following properties, for all z,y € A:

(C1) ¢0=0
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(C2) z<cz
(C3) ci(z-qy) =cx-cy
(C4) cicjr = cjeix
(C5) diu=1
(C6) djk =ci(dji - die) (for all @ # j, k)

(C?) Ci(dij . 33) . Ci(dij . 71’) =0 (fOI‘ all 7é ])
CA,, denotes the class of all cylindric algebras of dimension n. An element x of
an n-dimensional cylindric algebra 2l is called an atom of 2, if x is an atom of
the Boolean reduct of 2(. An n-dimensional cylindric algebra is called atomic if its
Boolean reduct is atomic. The following term definable substitution operators will
play an important role in the paper: For any i, j < n, put

séx = ¢;(dij - x).

It is well-known that an n-dimensional cylindric algebra 2 is simple iff the quan-

tifier free formula
0#1 A (x#0—>coc1-- cprz=1)

is valid in 2. Similarly to relation algebras, for every quantifier free formula ¢ in
the language of n-dimensional cylindric algebras, one can find in an effective way
an equation e, with the same free variables such that the formula ¢ < e, is valid
in all simple n-dimensional cylindric algebras.

An example for a simple cylindric algebra is the full cylindric set algebra of
dimension n with base U:

Csn(U) = <73("U),U,m, —"U,"U,w,ci,pij> :

3,j<n
where for all 7,5 <n and X C "U,
Ci(X)={ue™U:(3FveX)Vj<n)if j #ithen u; =v; },
Dl‘j = {’U, e™U:u; = Uj}.
The variety RCA,, of representable cylindric algebras of dimension n is

RCA,, =SP {Cs,(U) : U is a set} .

Constructing relation algebras from cylindric algebras. The following trans-
lation which associates relation algebras with cylindric algebras is due to Henkin
and Tarski, see [6, 5.3.7]. For an algebra 2 € CA,, (n > 3), let

Nrol ={x € A: iz =z, for all 2 <i < n}.
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Nry2 is called the set of 2-dimensional elements of 2. Define a binary operation
; and a unary operation ~ on A by taking, for all z,y € A,

Ty = co(siz- sJy)

7= sisis9z.

It is straightforward to check, using the properties (C0)—(C7), that Nro2 is closed
under the Booleans, contains dy1, and is closed under ; and ~. Define the algebra

Ra A = <NT29[7 +, -, ) 17 07 ; 7v’ d01>7
which is called the relation algebra type reduct of 2. For a class K C CA,,, n > 3,
let
Ra* K={RaA: A e K}

It is shown in [6, 5.3.8] that Ra 2 € RA, whenever n > 4 and 2 € CA,,. Note that
PRa 2 is not always a relation algebra if % € CAg, see Simon [11] for a discussion.
Nevertheless, the 3-dimensional cylindric algebras we introduce in Section 3 are
such that their relation algebra type reducts are in fact relation algebras (see (Ca2)
below).

Since the universe and the operations of PRa 2 are all term definable in 2, it is
easy to see that

if A C B then Ra A C Ra B, (1)
and similar statements hold for homomorphic images and direct products as well.
Thus for all K C CA,, (n > 3) we have

Ra* HSP K C HSP Ra* K.

Moreover, since if K; C Ko then HSP K; € HSP Ky and Ra* K; C Ra* Ks, we
obtain:

For every class K C CA,, (n > 3), HSP RRa* HSP K = HSP Ra* K. (2)

Results. Our results are the following:

Theorem 1. For any two degrees 01 and 0y of unsolvability with 61 > 05, there are
continuum many subvarieties V of CAz such that the degree of unsolvability of Eq(V)
is > 01, while the degree of unsolvability of Eq(PRa* V) is equal to 05. In particular,
there are continuum many subvarieties V of CAs such that Eq(V) is undecidable,
while Eq(Ra* V) is decidable.

Theorem 2. For each degree 6 of unsolvability, there is a subvariety V of RA such
that the degree of unsolvability of Eq(V) is equal to 0, while EQ(VNRRA) is decidable.
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Theorem 3. For every natural number n > 2, and every degree 0 of unsolvability,
there are continuum many subvarieties V of CA,, such that the degree of unsolvability
of Eq(V) is > 0, while Eq(VNRCA,,) is recursively enumerable (in fact, VARCA, =
RCA,, holds). In particular, there are continuum many subvarieties V of CAg such
that Eq(V) is undecidable, while Eq(V N RCAz) is decidable.

Finally, we mention some related open problems:

(Q1) Give some subvariety V of CA,, for n > 3, such that Eq(V) is undecidable
but Eq(V N RCA,,) is decidable.

(Q2) Give some subvariety of either RA or CA,, such that its degree of unsolvability
is lower than that of its representables.

3. Cylindric algebras vs. relation algebras

In this section we prove Theorem 1. We will use splittings of 3-dimensional
cylindric algebras which are constructed from Lyndon relation algebras. So to
begin with, let us introduce these notions.

Constructing 3-dimensional cylindric algebras from relation algebras.
Such a construction was first published in Monk [9], see also Maddux [8, Ch.10].
Given a complete atomic relation algebra 2A, let

B ={a:a={ap,a1,a2), ag,a1,a are atoms of A, and ag < ay ;as},
dy = {a€B:ag <1},
d3, = {a€B:a; <1},
d¥, = {a€B:ay <1},
and for all X C B,
cHX)={a€ B: (3 X)ay=by},
AX)={aeB:(3FeX)a =b},
A (X)={aeB:(3be X) ap=bo}.
Define the 3-dimensional cylindric algebra type algebra
Cas A= (P(B),u,n, -, B,0,c},d5;

i/ j<3 "
And, for any class K of complete atomic relation algebras, let
Caz K= {Caz A : A €K}
Then we have (see [9], [8]):

(Cal) Caz A€ CA;z. If 2 is simple then €ag A is simple as well.
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(Ca2) faCaz A € RA, and the function h defined by h(z) = {a € B : ap < z}
is an isomorphism between 2 and Ra Cag 2A.

In particular, for all atoms ag of 2, we have
h(ag) = {{ag,b,c) : b, c are atoms of A}.

Let 3391 denote the substitution operations of €az A, for ¢,5 < 3. Then it is not
hard to see that, for all atoms ag, a;, as of A, we have
s3%h(a1) = {(b,a1,c) : b,c are atoms of A},

s9%nh(ag) = {(b,c,az) : b, c are atoms of A}.
Therefore,
h(ag) N s3®h(ar) N s> h(az) = {{ag, a1, az)}, (3)
and so
h(ao) N s3®h(ar) N s*h(az) is an atom of Caz 2. 4)

Lyndon algebras. Lyndon [7] constructed relation algebras from projective ge-
ometries of arbitrary dimension. Here we define those Lyndon algebras which can
be obtained from projective lines.

Let U be a set with |U| > 3 and let e be such that e ¢ U. We define the Lyndon
algebra on U as

‘C(U) = <P(U U {6}), U7 ﬂa _UU{S}a Uu {6},@, ;7vv 1/>a

where 1/ = {e}, X" = X, for all X C U U{e}, and ; is the completely additive
binary operation on P(UU{e}) defined between singletons of P(UU{e}) as follows.
For any u # v € U,

{u};{e} = {e};{up = {u}
{u}i{u} ={u} U1 ={u,e}
{uli{v} =1-(upU{v} UT) = U—{u,v}
{e};{e} = {e}.
Then clearly the singletons {e} = 1’ and {u} for u € U are the atoms of L(U).

Moreover, we have (see [7]):

(Lyl) Forany set U with |U| > 3, L(U) is a simple and complete atomic relation
algebra.

Observe that for all non-zero elements X of £L(U) with e ¢ X, we have X ; X #U
iff X is a (non-identity) atom of £(U). Therefore the following holds:
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Cramm 3.1. Suppose A C L(U) for some set U with |U| > 3. Then for every
element x in A, x is a non-identity atom of L(U) iff x satisfies the formula

La(z) = 0<z<-1) A (z;2#1).
in 2A.
Now let
Ly ={2A: A C L(U), U is a set with |U| > 3, and 2 is not
isomorphic to L(n), for any n € w — 3},
and for any W C w — 3, let
Lw =Ly U I{L(n):neW}
The following statements are proved in Andréka et al. [2], for every W C w — 3:

(Ly2) [2, Thm.3.1(i)] Lw is a universal class of simple relation algebras. There-
fore SP Ly is a subvariety of RA.

(Ly3) [2, Thm.3.4(iii)] Eq(SP L) and W have the same degree of unsolvability.
In particular, Eq(SP Lw ) is decidable iff W is decidable.

For each W C w — 3, define the subclass Ly, of Ly by taking

Ly ={2ely:AC L(n), for some n € w—3} UI{L(U):U is an infinite set}
U I{L(n):neW}.
Since the only algebras in Ly which are missing from Ly, are those which are
isomorphic to subalgebras of some infinite Lyndon algebra £(U), we have
Lw C SLy, .
Therefore Ly and Ly, generate the same variety, that is, by (Ly2) we have

HSPL;, =SPLy. (5)

Splitting. This is a technique for obtaining new cylindric algebras from cylindric
algebras, and is a special case of dilation, see Henkin et al. [6, 3.2.69], Andréka [1].
Here we define “splitting to two” for finite algebras only.

Suppose 2 is a finite (thus atomic) n-dimensional cylindric algebra, and a is an
atom of 2 such that
a < H —d;j.

ij<n, i£j
We call such an a a subdiversity atom of 2A. We will ‘split’ a into two new atoms a’
and a” such that “the ¢; and dj; behaviour” of both o’ and a” will “imitate” that

of a.
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To this end, we define a finite atomic algebra split(2, a) of the similarity type
of n-dimensional cylindric algebras as follows: The atoms of split(2, a) are o', a”,
and all those atoms of 2 which are different from a. For all 4, j < n, and atoms x,y
of 2 different from a, let

z <d;; insplit(A,a) iff z<d;; in,
x <cyinsplit(™,a) iff z<c¢yin,
x < ¢a insplit(,a) ff x<c¢ain ¥,
x < c¢a insplit(™A,a) i = <cain A,
and if ¢ # j then
a < —di;, a" <-—d;,
a <cia, d <cga’', d <cad, " <ca.
Finally, for every element z of split(2, a), define
ciz = Z{czx : x is an atom of split(A,a), and z < z}.
Then we have (see [6], [1]):
(Spl) split(2A, a) € CA,, and if A is simple then split(2, a) is simple as well.
(Sp2) 2 is isomorphic to a subalgebra of split(2, a).
(Sp3) All the elements of split(2,a) of the form ¢;z (i < n) belong to (the
isomorphic image of) 2.
(Sp4) The isomorphic image of a (that is, a’ 4+ a’’) is not an atom of split(2, a).
Thus by (Sp2) and (Sp3), we obtain:

CLAM 3.2. Ifn > 3 then Ra A is isomorphic to Ra split(A, a).

Proof of Theorem 1. For any m € w — 3, take the Lyndon algebra £(m) on m.
Then {0}, {1} and {2} are non-identity atoms of £(m) such that {0} < {1} ;{2}
holds. Therefore, ({0}, {1}, {2}) is a subdiversity atom of €ag L£(m). Define

B, = split(Caz L(m), ({0}, {1}, {2})).

Now suppose 6 and 0y are degrees of unsolvability with 67 > 65. Take some
sets D C w — 3 and H C D such that the degree of unsolvability of D is 3, and
the degree of unsolvability of H is 6;. Let

Kpg = €aj L, U {%m:mED—H}.
We are about to find a quantifier free formula ¢,,, which “singles 98,, out of Kpg”,

that is, for all A € Kpy, @ is valid in A iff A # B,,. Roughly, ¢, will say
the following: “If zo,...,Zm—1 is the list of all distinct non-identity atoms of the
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‘underlying’ Lyndon algebra then (z;,z;,z)) are cylindric algebra atoms, for all
distinct 4, j, k < m.”

To this end, let La®®(z) be the formula in the language of 3-dimensional cylindric
algebras which is obtained from the relation algebraic formula La(z) of Claim 3.1
by replacing ; and 1’ with the corresponding cylindric algebraic terms:

La®*(z) = (0 <z < —dp) A (CQ(S%Z‘ . 8(2).23) #1).

For every m € w — 3, let ¥, (xo, ..., Zm—1) be the following formula:
/\ (cox; = x; N La®™(z;)) A /\ (i #xj) N (do1 + Z z; =1).
i<m <j<m <m
CrLam 3.3. For all A € Kpyg, if the elements xq,...,xm—1 of A are such that

Um (X0, ...y Tm—1) holds in A then either
(i) A is isomorphic to L(m) and x; - ssx; - 9wk are atoms of A, for all distinct
i,7,k < m; or
(ii) A =B, and z; - s3x; - 3z, is not an atom of A, for some i,j, k < m.

Proof. Suppose first that 2 = Caz B for some B € L. By the definition of L,
there is a set U such that either B is isomorphic to L(U), or B C L(U) and U is
finite. Therefore, by (Lyl), B is a complete atomic relation algebra, so by (Ca2)
9B is isomorphic to Ra A. Let h denote the isomorphism from B to Ra A. Suppose
Ym(Zoy ..., Tm—1) holds in A for some zg,...,Zm—1. Then there are yo,...,ym—1
in B such that h(y;) = x;, La(y;) holds in B for all i <m, and 1" +37,_ y; =1
holds in 8. Therefore, by Claim 3.1, yg,...,¥m—1 are all the non-identity atoms
of the Lyndon algebra £(U), which implies that |[U| = m and 2 is isomorphic to
L(m). Further, for all distinct 4,4,k < m, we have y; < y; ; yx in L(m), thus
T; - s5x; - syxy, are atoms of A by (4).

Next, suppose A = By, for some £ € D — H. Then by Claim 3.2 and (Ca2),
Ra A is isomorphic to L£(¢). Now by repeating the previous argument we obtain
that £ = m must hold, thus A = B,,. But then y; = {0}, y; = {1}, and y, = {2},
for some i, j, k < m. Thus, by (3) and (Sp4), we have that

@i sy sywe = ({0}, {1},{2})

is not an atom of 2. O
Now define the formula @, (xo, ..., Tm—1,y) as
Y (Toy ooy Tm—1) A (y < x0 - s%xl . ngz) - ((y=0)V(y==o- s%xl . sgzz)).

By (Cal), (Lyl-2), and (Spl), Kpg is a class of simple 3-dimensional cylindric
algebras. Thus there is an equation e,, with the same free variables as ¢,, such
that e, < ¢, is valid in Kpg.
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Let
Vpy = HSPKpy.
As a consequence of Claim 3.3 we obtain that for all m € w — 3,
em isvalid in Vpy iff B, ¢ Kpy iff meH or me (w—-3)—D,
thus
the degree of unsolvability of Eq(Vg) is > the degree of unsolvability of H. (6)

Moreover, if Hy ¢ Hs then the equation e,, for any m € Hy — Hy distinguishes
between Vpg, and Vpg,. Thus

if H; # H then VpH, #VDHZ. (7)
On the other hand, observe that by (Ca2) and Claim 3.2, Ra* Vpp is a variety of
relation algebras, and we have

HSP Ra* Vo, 2 HSP Ra* Koy

(Ca2)

Cleim 32 HSP Ra* ¢a L,

HSPL;, © sPLp.
Therefore by (Ly3),

Eq(PRa* Vpy) and D have the same degree of unsolvability. (8)
Finally, (6)—(8) clearly prove Theorem 1. O

4. Representable vs. axiomatic relation algebras

In this section we prove Theorem 2. To this end, we discuss some connections
between representability of Lyndon algebras and the existence of projective planes.

A projective plane is a collection of lines and points, satisfying certain properties,
see e.g. Coxeter [5] for more details. Monk [10] proves the following:

(Ly4) For any n € w — 3, if £(n) € RRA then there is some projective plane
P such that P contains a line ¢ with n points, and £(n) is embeddable
into the full relation set algebra whose base consists of those points of P
which are not on ¢.

CLAIM 4.1. For every n € w — 3, L(n) € RRA iff L(n) is embeddable into the full
relation set algebra with base n® + 1.

Proof. The right-to-left direction is obvious. For the other, it is well-known (see
[5]) that if P is a projective plane having a line with n points then in fact every
line of P has n points, P has n lines as well, and thus the number of points of
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P is n? + n + 1. Therefore by (Ly4), if £(n) is representable then £(n) must be
embeddable into the full relation set algebra with base n? 4 1. O

Since for each n there are only finitely many possibilities for such an embedding,
we obtain that

it is decidable whether a finite Lyndon algebra £(n) is representable.  (9)

Monk [10] shows that for any set U with |U| > 3, if there is a projective plane
containing a line with |U| points then £(U) € RRA. If U is an infinite set then there
is always some projective plane containing a line with |U| points, and if n = p¥+1 for
some k > 0 and prime p then there exists a projective plane containing a line with
n points, see also [10]. Further, Bruck and Ryser [4] proved that there are infinitely
many natural numbers n such that there is no projective plane containing a line
with n points. Thus, we have the following properties concerning representability
of Lyndon algebras:

(Ly5) If U is an infinite set then £(U) € RRA.
(Ly6) There are infinitely many n € w such that £(n) € RRA.
(Ly7) There are infinitely many n € w such that £(n) ¢ RRA.

Next, recall the classes Ly (W C w—3) from the previous section. The following
is shown in Andréka et al. [2, Thm.3.1(iv),(v)]:

(Ly8) For every n € w— 3 and every 2 C £(n) such that 2 is not isomorphic
to L(n), there is an my € w such that for all &k > my we have A C L(k).

AS a consequence we havc:
CrLAaM 4.2. Ly C RRA.

Proof. Suppose 2 € Ly and 2 C L(U) for some set U with |U| > 3. If U is infinite
then 2 € RRA by (Ly5). If |U| = n then, by the definition of Ly, 2 is not isomorphic
to £(n). Thus, by (Ly6) and (Ly8), & C L(k) for some L(k) € RRA, so we have
2A € RRA as well. O

Proof of Theorem 2. Let R = {n € w: £(n) € RRA}. By (Ly7), (w—3)— R
is infinite. Given a degree 6 of unsolvability, choose H C (w — 3) — R such that its
degree of unsolvability is #. Then by (9), RU H and H have the same degree of
unsolvability. Let

Vg =SP Lrug.
By (Ly2), Vg is a variety of relation algebras, and by (Ly3),

Eq(Vy) and H have the same the degree of unsolvability. (10)
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On the other hand, Claim 4.2 implies that Lrug N RRA = Lg. Then by (Ly2),
Si (Vg NRRA) = Lrug NRRA = Lg,

thus Vg NRRA = SP Si (Vi N RRA) = SP Lg holds. Therefore, by (Ly3) and (9)
we have that

Eq(Vx NRRA) is decidable. (11)
Finally, (10) and (11) prove Theorem 2. O

5. Representable vs. axiomatic cylindric algebras

In this section we prove Theorem 3. Fix a natural number n > 2 (this n is the
dimension of the cylindric algebras of this section). For each m € w — n, take the
full n-dimensional cylindric set algebra Cs,(m) with base m. It is not hard to see
that {(0,1,...,n — 1)} is a subdiversity atom of Cs, (m). Put

¢, = split(Csy,(m), {(0,1,...,n—1)}).
Given a degree 6 of unsolvability, choose a set H C w — n such that the degree of
unsolvability of H is 6, and let
Kg ={Cs,(U):Uisaset} U {€, :mew—nand m¢ H}.

We are going to define a quantifier free formula ¢, which “singles &, out of Kg”,
that is, for all A € Ky, ¢, is valid in 2 iff A # &,,,.
To this end, for each i < n, define the term

C(HT =Co -+ Ci—1Cit1 " Cn—17T,
and take the following formula §7(z) in the language of n-dimensional cylindric
algebras:
o () = )T - sgc(o)x < dp1, ifi =0,
¢ ciT - spepr < dog, otherwise.
Now it is straightforward to check that for every X C "U,

07(X) holds in Cs, (U) iff (12)
|{u € U : there is some (Zq, ..., Ti—1, U, Tit1, ..., Tn_1) € X}| <1
We call a one-element subset {(zg,...,xn—1)} of "U a permutational singleton of

Csn(U), if all z; are distinct, for i < n. Let psingl™(x) be the following formula:
@#0) A (@< [[ —di) A N r)
bj<n, i#j i<n
Now (12) implies that for all elements z of Cs,(U),
psingl™(x) holds in Cs, (U) iff = is a permutational singleton of Cs, (U). (13)
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For every m € w — n, let
fm)=mim—-1)---(m—n+1).

(Note that if m = n then f(m) = nl.) Let §(U) denote the number of elements
satisfying psingl™(x) in Cs,(U). Then by (13),

0, if |[U| <n,
BU) =4 f(m), if [U|=m, m €w—n,
infinite, if U is infinite.

Now let m € w — n, and take an element x of &€, such that x does not belong to
(the isomorphic image of) Cs,(m). Let a = {(0,1,...,n — 1)}, and o’ and a” the
two ‘split-atoms.” Then there is an element y of Cs,(m) such that a -y = 0, and
either z = y +a' or & = y + a”. Suppose psingl™(x) holds in €,,. Then by the
definition of splitting, psingl™(y + a) holds in &,,, thus by (Sp2) psingl™(y + a)
holds in Cs,(m) as well. Now (13) implies that y = 0 must hold. Thus by (Sp2),
we obtain that
psingl™(x) holds in &, iff
either z is a permutational singleton of Cs,,(U) (14)

or x is one of the two new ‘split-atoms.’

Now for each m € w —n, let ¢, (zo,...,7fm)—1) be the following formula:
/\ psingl™(z;) A /\ (zi £ x;) A ( Z T = H —d;j).
i<f(m) i<j<f(m) i<f(m) i,j<n, i#£j

Then define the formula @, (zo, ..., Zfm)—1,¥) as
'(/)m(xOv e 7xf(m)—1) A (y < xO) - ((y = 0) \ (y = IO))
CrLAM 5.1. For all A € Ky, @, is valid in A iff A # &,

Proof. Suppose first that 2 = Cs,(U) for some set U. Since all the permutational
singletons of Cs, (U) are in fact atoms of Cs, (U), the above computation on #(U)
shows there are no elements o, ..., T ()1 satisfying ¥, in 2, unless |U| = m.
Therefore ¢y, is valid in Cs,(U) for |U| # m because v, is always false, and ¢y,
is valid in Csy(m) because all permutational singletons of Cs,(m) are atoms of
Csn(m).

Next, assume that 2 = & for some k € w —n, and ¥, (20, ..., Tf(m)—1) holds
in €. By the definition of splitting and (14), we obtain that

(k) < f(m) < f(k)+2.

Since f(k+ 1) > f(k) + 2 whenever k > 2, this shows that there are no elements
L0, ..., T p(my—1 satisfying 1, in 2, unless k = m. Thus ¢, is valid in &, for all
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k # m. In case k = m, choose X, ...,%fum)—1 to be the permutational singletons
of Csy(m) such that

1‘0:{(0,1,...7n—1>}.

Then vy, (2o, . . ., T f(m)—1) holds in &, but by (Sp4) x¢ is not an atom of &,,, thus
©m 1s not valid in &,,. O

By (Spl), Ky is a class of simple n-dimensional cylindric algebras. Thus there
is an equation e,, with the same free variables as ,, such that e,, < ¢,, is valid
in Kg. Let

Vg = HSPKy.
Since all the full set algebras are in Kz7, we have
Vi NRCA, = RCA,,. (15)
On the other hand, Claim 5.1 implies that, for all m € w — n,
em isvalid in Vg iff &, ¢Ky iff meH,
thus
the degree of unsolvability of Eq(Vg) is > the degree of unsolvability of H. (16)

Claim 5.1 also implies that if Hy # Ha then Vg, #Vg,. Thus (15) and (16) prove
Theorem 3.
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